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ABSTRACT
We show that the growth rate of dust grains in cold molecular clouds is enhanced by the high degree of
compressibility of a turbulent, dilute gas. By means of high resolution (10243) numerical simulations, we
confirm the theory that the spatial mean growth rate is proportional to the gas-density variance. This also results
in broadening of the grain-size distribution (GSD) due to turbulence-induced variation of the grain-growth rate.
We show, for the first time in a detailed numerical simulation of hydrodynamic turbulence, that the GSD evolves
towards a shape which is a reflection of the gas-density distribution, regardless of the initial distribution. That
is, in case of isothermal, rotationally forced turbulence, the GSD tends to be a lognormal distribution. We also
show that in hypersonic turbulence, decoupling of gas and dust becomes important and that this leads to an even
further accelerated grain growth.
1. INTRODUCTION
Dust plays an important role in the formation of stars and
planets, but also the evolution of galaxies throughout the
whole history of the Universe. Moreover, Bernstein et al.
(2002) estimated that dust re-radiates about 30% of starlight
in the Universe. Therefore, dust regulates emission and ab-
sorption of stellar light.
Even at redshifts as high as z ≈ 4 − 8 galaxies display
high dust fractions, which requires a very fast dust-formation
process and a sudden appearance of dust as soon as there
is enough metals to form it (Rowlands et al. 2014; Matts-
son 2015, 2016; Watson et al. 2015). Dust grains are formed
mainly by condensation of metals into solid-state material,
e.g., silicates, graphite and amorphous carbon (see Mathis
1990; Draine 2003, and references therein). But accretion of
volatiles, forming “ice mantles”, also accounts for some of
the dust mass (Jones et al. 1994).
Type II Supernovae (SNe) and asymptotic giant branch
(AGB) stars not only supply the metals in the cosmic mat-
ter cycle, but also a significant amount of dust (Valiante et al.
2009). However, the destruction of dust in the interstellar
medium (ISM) is significant and therefore a replenishment
mechanism is needed (Mattsson 2011; Valiante et al. 2011;
Rowlands et al. 2014). Growth of dust grains by depleting
metals (molecules) in the ISM is the most efficient in cold
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molecular clouds (MCs), which is indicated by absorption-
line observations (see, e.g., Savage & Sembach 1996; Jenkins
2009; De Cia et al. 2016)
Hirashita & Kuo (2011) showed that the evolutionary his-
tory of the GSD is important for understanding the dust abun-
dance in galaxies. A key question in this context is what frac-
tion of the dust mass is in large (micron sized) grains. Dust
grains grow by accretion of molecules in MCs and by co-
agulation of interacting grains (Li & Mattsson 2020). Thus,
growth of dust grains in the ISM is an essential process for
the initial phase of planet formation, which is not yet fully
understood (Johansen et al. 2007).
MCs in the ISM are so dilute that the typical size of dust
grains is much smaller than the mean free path of the gas
molecules. Baines & Williams (1965) derived an expression
for the accretion, concluding that the mass growth rate of
dust grains is proportional to, and primarily regulated by, the
surface area of the grains. This was done under the assump-
tions that dust grains are spherical, a fixed proportion of the
colliding gas molecules adhered to the grain and that the gas
density is homogeneous. However, they also showed that the
relative velocity of grains moving in the gas plays an im-
portant role, which is interesting in a context of high Mach
number turbulence.
Interstellar turbulence displays high Reynolds numbers
and is highly compressible with typical Mach numbers larger
than 10 (Nolan et al. 2015). This results in vigorous varia-
tions of the gas density, which could potentially change the
mass growth rate. Mattsson (2020) included gas-density vari-
ation in the accretion process and found that the spatial mean
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2growth velocity of the dust grain radius scales with the square
of the Mach number.
Growth and destruction of dust grains shape the GSD,
which in turn determines the extinction curve of galaxies
and is an important parameter in planet and stars formation
(Relan˜o et al. 2020). Mathis et al. (1977) obtained a power
law distribution of interstellar dust grains with an exponent of
about -3.5 by fitting observed interstellar extinction in the dif-
fuse ISM. This power law distribution has been widely used
and has become the canonical GSD, known as the “MRN”
distribution. However, the typical shape of the GSD in MCs
is not known.
In this study, we will validate the theory of Mattsson (2020,
henceforth “M20”) with state-of-the-art high resolution nu-
merical simulations of hydrodynamic turbulence including
the accretion process of molecules onto dust grains. We will
show below that the M20 theory agrees perfectly well with
the simulation results. Based on M20 theory, we will demon-
strate that this grain growth facilitated by gas density vari-
ations leads to a lognormal GSD that is independent of the
initial shape of GSD.
2. TURBULENCE AND PARTICLE DYNAMICS
2.1. Momentum equation of interstellar turbulence
Interstellar turbulence is governed by the Navier-Stokes
equation:
∂u
∂t
+ u · ∇u = f − ρ−1∇p + ρ−1Fvisc, (1)
where f is a forcing function (see Brandenburg 2001), p is
the gas pressure, and ρ is the gas density that follows the
continuity equation,
∂ρ
∂t
+ ∇ · (ρu) = 0. (2)
The viscosity term Fνvisc is given by
Fνvisc = ρν
(
∇2u + 1
3
∇∇ · u + 2S · ∇ ln ρ
)
, (3)
where S = 12
[
∇u + (∇u)T
]
− 13 (∇ · u) I is the rate-of-strain
tensor with I the unit tensor and ν is the kinetic viscosity of
the gas. However, for high Mach-number simulations, an
artificial shock viscosity is needed to smooth the shock such
that the shocks can be captured without causing a singularity
in the velocity field. With this shock viscosity included, Fvisc
becomes a superposition of Fνvisc and F
shock
visc ,
Fvisc = Fνvisc + ρζshock∇∇ · u + (∇ · u)∇ (ρζshock) , (4)
where the shock viscosity ζshock is given by
ζshock = cshock 〈max[(−∇ · u)+]〉 (min(δx, δy, δz))2. (5)
Here cshock is a constant defining the amplitude of the shock
viscosity (Haugen et al. 2004), δx, δy, and δz, are the lengths
of the sides of a mesh cell.
The stochastic solenoidal forcing f is given by
f (x, t) = Re{N fk(t) exp[ik(t) · x + iφ(t)]}, (6)
where k(t) is the wave vector, x is position, and φ(t) (|φ| < pi)
is a random phase. The normalisation factor is given by N =
f0cs(kcs/∆t)1/2, where f0 is a dimensionless factor, k = |k|,
and ∆t is the integration time step (Brandenburg & Dobler
2002). In the present study, we choose a completely non-
helical forcing, i.e.,
fk = (k × e) /
√
k2 − (k · e)2, (7)
where e is the unit vector.
The two dimensionless parameters that characterizes com-
pressible turbulence are the Reynolds number Re and the
root-mean-square (rms) Mach number Mrms. Re is defined
as 1
Re ≡ urms
k f ν
, (8)
where urms is the rms turbulent velocity and k f is the forcing
wave number. Mrms is defined as
Mrms = urms/cs, (9)
where cs is the sound speed. We assume that the gas is
isothermal, so that c2s = γp/ρ = constant, where γ = cP/cv =
1 with the specific heats being cP and cV at constant pressure
and constant volume, respectively.
2.2. Particle dynamics
The momentum equation for dust grains is given by
dxi
dt
= vi (10)
and
dvi
dt
=
1
τi
(u − vi) . (11)
The stopping time τi due to the kinetic drag is given by
τi =
√
pi
8
ρgr
ρ
a
cs
(
1 +
9pi
128
|u − vi|2
c2s
)−1/2
, (12)
where a is the radius of dust grains and ρgr is the material den-
sity of dust grains. Eq. (12) is derived under the assumption
that the particle radius is much smaller than the mean-free-
path λ, which is the case in most astrophysical contexts (large
1 We note that if Re is defined based on the energy-injection length scale Linj
such that ReL ≡ urmsLinj/ν, ReL = 2piRe. Therefore, Re in the present
study is equivalent to 2piRe in other studies.
3Knudsen number, Kn = λ/a  1 Armitage 2010; Matts-
son et al. 2019). In the limit of low relative Mach numbers
(W = |u − vi|/cs  1), Eq. (12) reduces to
τi(W 1) =
√
pi
8
ρmat
ρ
a
cs
. (13)
WhenW  1, the correction term in the parenthesis of eq.
(12) is dominating and the momentum equation for dust be-
comes nonlinear (see Schaaf 1963; Kwok 1975; Draine &
Salpeter 1979).
2.3. Accretion of gas molecules on dust grains
2.3.1. Accretion process
The rate of change of the grain mass due to accretion of
molecules is (Mattsson 2020)
dmgr
dt
= 4pia2S Xiu¯tρ(x, t), (14)
where Xi ∼ 10−3 is the mass fraction of the relevant growth-
species molecules i in the gas, S is the sticking probability
for a molecule hitting the grain and
u¯t =
√
8kBT
mpi
(15)
is the thermal mean speed of the molecules. Here, kB is the
Boltzman constant and m is the molar mass of the molecular
gas. Although u¯t is dependent on the composition of molec-
ular species, we here focus on how supersonic turbulence af-
fects the accretion process for a given generic composition.
That is, we assume a constant u¯t for convenience. As Eq. (15)
can be written as u¯t =
√
8/pics, we shall assume cs is constant
as well, i.e., isothermal conditions. Since mgr = 43pia
3ρgr,
Eq. (14) can be written in terms of a as
da
dt
= S Xiu¯t
ρ(x, t)
ρgr
. (16)
We define the growth velocity as ξ = S Xiu¯t
〈ρ〉
ρgr
. Thus,
Eq. (16) can be written as
da
dt
= ξ(t)
ρ(x, t)
〈ρ〉 , (17)
where ξ(t)→ 0 as t → ∞ due to depletion of growth-species
molecules. In the following we will assume ξ = constant,
however. There are two reasons for this assumption: (1) a
constant ξ saves a lot of computation time; (2) we will have
a better chance of reaching a regime where effects on the
growth rate due to decoupling of gas and dust (Baines &
Williams 1965) can be seen if the growth is not depletion
limited. Assuming ξ = constant may not be entirely realis-
tic, but it is reasonable in an early phase of grain growth and
could also be justified by the possibility that undepleted gas
can be mixed into the modelled region at a rate similar to that
of depletion.
2.3.2. Statistical description
According to Eq. (16), with ξ = constant, the change of
growth rate is determined by ρ(x, t) only. Using a spatial-
mean approach, M20 proposed that the mean growth of dust
grains due to accretion is given by
d 〈a〉
dt
= 〈ξ〉
〈
ρ2
〉
〈ρ〉2 = 〈ξ〉 (1 + σ
2
ρ), (18)
considering periodic boundary conditions. Furthermore, the
standard deviation σs of the logarithmic density parameter
s = ln(ρ/ 〈ρ〉) is related to the standard deviation σρ of the
linear gas density,
σ2ρ = exp(σ
2
s) − 1, (19)
which in turn is empirically related (via simulations) to the
mean Mach number Mrms, although the exact relation can
be debated (see, e.g., Passot & Va´zquez-Semadeni 1998;
Lemaster & Stone 2008; Price et al. 2011; Federrath et al.
2010). The hypersonic turbulence of cold MCs is therefore
indicative of very rapid grain growth according to the M20
theory.
Depletion is omitted in the present study for mainly two
reasons. First, M20 does not consider the effect of dust-
gas drift as the grains become large as predicted by Baines
& Williams (1965). In order to test the validity of neglect-
ing this drift effect, it would be ideal if the growth is not
depletion-limited since the drift effect can easily be masked
by depletion. Second, simulations with depletion are compu-
tationally very demanding. Adding depletion in a physically
consistent way is straightforward, but results in a drastic in-
crease of communication between processors. The increase
of the computing time is significant and we would not be
able to run a whole suite of simulations with our present re-
sources.
2.4. Simulation setup
2.4.1. Initial parameters
We have designed our simulations such that they can match
observed dust grain properties and interstellar turbulence,
save for the very high Re of ISM. For the sake of con-
venience, we define a unit length L0 = 3.086 × 1018 cm,
unit velocity v0 = 105 cm s−1, and unit mass density ρ0 =
6.771 × 10−23 g cm−3. This results in an unit time of t0 =
3.086 × 1013 s ≈ 106 years. Unless anything else is stated
we adopt the Gaussian system of units (a.k.a. cgs units) in
this study and introduce simulation units defined within this
system.
To reproduce the properties of a cold MC we assume an
initial mean gas density 〈ρ〉ini = 49.33ρ0 and a sound speed
is about cs = 0.3v0. Since the gas (molecular hydrogen) is as-
sumed to obey the ideal gas law, the corresponding tempera-
ture is about 30 K. For the dust we employ a mono-dispersed
4and a power-law (MRN Mathis et al. 1977) initial GSD with
a mean initial radius of dust grains aini = 10−23L0. The power
index is -3.5 such that f (a, 0) is in the form of f (a, 0) = a−3.5
with cutoff amin = aini and amax = 3aini. The material density
of dust grains is ρgr = 3.545×1022ρ0 = 2.4 g cm−3. We adopt
the MRN distribution for the following reasons. First, even
though the MRN distribution is derived from diffuse ISM in-
stead of dense MCs in the cold ISM, the initial GSD of an
MCs could in fact be rather similar to that of the diffuse ISM
because dense MCs are formed from diffuse ISM. Second,
the MRN distribution is often used as the ”canonical GSD”
in ISM and is considered the natural assumption when no ac-
tual constraints exist.
2.4.2. Numerical method
We use the Pencil Code to solve equations described
above, which is a finite difference code designed, in particu-
lar, to solve compressible turbulence. A third order Runge-
Kutta time stepping is adopted. There are 1953120 individ-
ual dust grains (Lagrangian inertial particles) being tracked
in the simulations and the growth of dust grains is monitored
at each time step. Tracking such a large number of dust grain
is numerically demanding, but ensures sufficient statistics.
We simulate a wide range ofMrms (1.38–11) covering tran-
sonic to hypersonic turbulence with similar Reynolds num-
bers. The simulation with Mrms ≈ 11 reaches the typical
values ofMrms observed in large-scale interstellar turbulence
(Brunt 2010; Elmegreen & Scalo 2004). We run for 9 simu-
lation time units in the case ofMrms ≈ 11, using 1024 CPUs
and a wall-clock time of 24 × 4 = 96 hours. There are 61360
time steps integrated with a time step dt = 5.3 × 10−5, which
corresponds to about 21 turnover times. Accretion is turned
on when turbulence is well-developed. A summary of all
simulations is presented in Table 1.
3. RESULTS
3.1. Flow properties at differentMrms
Fig. 1 shows snapshots of the local Mach numberM(x, t)
(upper panel), logarithmic gas density ln[ρ(x, t)] (middle
panel), and the Eulerian-mapped particle distribution n(x, t)
(lower panel) of four simulations with different Mrms. As
Mrms increases,M(x, t) exhibits more intricate structure and
a more inhomogeneous distribution. The same is observed
for ln[ρ(x, t)], where more pronounced gas filaments are seen
at high Mrms. Larger Mrms also results in stronger spatial
clustering of dust grains as shown in the lower panel of Fig. 1.
3.2. Comparison with the M20 theory
M20 assumed that dust grains behave like tracers but can
grow due to accretion as described by Eq. (18). Hence, we
started out with a test simulation (corresponding to Run B)
where dust grains are treated as tracers. Fig. 2(a) shows
that the simulation result (solid cyan line) agrees more or
less perfectly with the theory (red dashed line) in the super-
sonic regime (Mrms = 3.26). The only assumption involved
in Eq. (18) is the periodic boundary conditions, which is re-
quired to apply the spatial-mean approach on Eq. (16). This
agreement confirms that the mean growth rate of dust grains
is proportional to the square of mean variance of the gas den-
sity in the supersonic regime as expressed in Eq. (18), pro-
vided that dust grains are treated as tracers.
Dust grains are inertial particles and their inertia increase
as they grow. Therefore, we have focused on simulations
where Eq. (10)–Eq. (12) is solved at differentMrms. Fig. 2(a)
shows the evolution of the mean radius 〈a〉 in these simu-
lations. As expected, the spatial mean growth rate of dust
grains increases with increasing Mrms. In the transonic
regime, the simulation result (solid magenta line) agrees very
well with Eq. (18). In the supersonic regime and beyond, the
simulation results agree with the theory in the beginning, but
deviates at later times. This indicates that Eq. (18) does not
hold in the supersonic regime and beyond, which was not the
case in the tracer-particle limit. As we can see from Eq. (18),
the mean growth rate is determined by the relative variance〈
ρ2
〉
/ 〈ρ〉2, which is shown in Fig. 2(b). Since
〈
ρ2
〉
/ 〈ρ〉2
becomes stationary, the evolution of 〈a〉 as the time integral
of d 〈a〉 /dt, is approximately linear with time as shown in
Fig. 2(a), as predicted by Eq. (18) if depletion is negligible.
To understand the deviation from the M20 theory, we shall
recall that the theory assumed that dust grains are tracers.
However, dust grains have inertia, and the kinetics of such
particles will deviate from that of tracers. As shown in Fig. 3,
urms and vp, rms are very similar in the beginning, meaning
that both gas and dust must be accelerated to a certain rms
velocity before decoupling, at a statistical level, can actually
occur. At later times, vp, rms becomes clearly smaller than
urms, indicating that dust grains decouple from the flow even
on average. The decoupling effect is stronger for largeMrms,
which is expected. Therefore, the deviation from the theory
seen in Fig. 2 is a result of dynamic decoupling of dust grains
from the turbulent flow.
Fig. 4 shows GSDs at fixed times (snapshots), where
higherMrms results in a broader GSD. This is because higher
Mrms obviously leads to stronger variations of ρ as shown
in Fig. 1 and therefore faster growth of dust grains in high-
density regions. It is noteworthy that the dust grain popula-
tion was mono-dispersed initially.
The evolution of the width/variance of the GSD in terms of
σa is shown in Fig. 5. First, we note that σa grows with time,
which is due to the variations of ρ. Second, σa increases
with increasing Mrms, which demonstrates that turbulence-
induced growth by accretion broadens the GSD. Note, how-
ever, that assuming ρ = constant (Mrms = 0, no turbulence),
leads to σa = 0 at all times for an initially mono-dispersed
5Table 1. Re = 100 is kept the same for all the simulations by changing f0 and ν. cshock = 2. Lx = 5 length unit. The number of particles is
Np = 1953120. “cgs” unit is adopted.
Run ν f0 Ngrid Mrms Remesh Re ¯ η τη τL
A 1.25 × 10−3 1.0 5123 1.38 10 96 1.54 0.006 0.03 3.38
B 2.5 × 10−3 4.0 10243 3.26 6 113 24.40 0.005 0.01 1.44
C 5 × 10−3 10.0 10243 5.97 6 104 154.73 0.005 0.006 0.78
D 10−2 25.0 10243 11.03 5 96 971.27 0.006 0.003 0.42
Figure 1. Local Mach numberM(x, t), gas density fields, and number densities of dust grains for simulations with differentMrms. Snapshots
taken at 8 simulation time units. First row: M(x, t); second row: logarithmic gas density ln[ρ(x, t)]; third row: number densities n(x, t) (scatter
plots) of dust grains.
grain population. Comparing the values of σa for Run A
(Mrms = 1.38) and Run D (Mrms = 11.0) at 8 time units, for
example, we find that the ratio is ≈ 10. This means that the
variance of f (a, t) is enhanced by a factor of about 10 from
transonic flow to the hypersonic flow.
3.3. Shape of the GSD: a reflection of the gas density PDF?
As we mentioned in 3.2, f (a, t) rapidly develops into a
lognormal distribution from a mono-dispersed initial distri-
bution. Mathis et al. (1977) derived a power-law GSD based
on observational constraints in diffuse ISM, which is now the
canonical, widely used GSD known as the “MRN” distribu-
tion. Fig. 6 shows the evolution of f (a, t) starting from a
power-law GSD with an MRN slope. A lognormal distribu-
tion is the result also in this case, which demonstrates that
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Figure 3. The corresponding evolution of urms (solid lines) and
vp,rms (dashed lines) for the simulations in Fig. 2.
the lognormal GSD resulting from grain growth in isother-
mal, solenoidally forced turbulence is essentially indepen-
dent of the initial GSD. To understand the mechanism be-
hind this phenomenon, we shall examine the PDF of the gas
density. The gas-density PDF in our simulations is a log-
normal distribution. Previous studies (e.g., Federrath et al.
2009; Hopkins & Lee 2016; Mattsson et al. 2018) of isother-
mal hydrodynamic turbulence have also generated lognormal
distributions of gas density, which can be expressed as
P(s) = 1√
2piσs
exp
[
− (s − 〈s〉)
2
2σ2s
]
, s = ln
(
ρ
〈ρ〉
)
, (20)
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Figure 4. The corresponding evolution of f (a, t) for simulations in
Fig. 2.
where 〈s〉 = ± 12σ2s depending on whether the PDF is mass or
volume weighted (Li et al. 2003).
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The GSD is determined by summing up the local evolution
of da/dt in every mesh cell or, which is equivalent, by fol-
lowing the evolution a large number of fluid elements. The
local growth velocity da/dt is proportional to the local den-
sity of gas ρ (x, t) as in Eq. (16). Because ρ follows a log-
normal distribution, i.e., Eq. (20), it is very likely that f (a, t)
develops into a lognormal distribution. From a more general
point of view, it seems that the resultant GSD is a reflection
of the gas-density PDF, whatever form this PDF may have.
The mathematical theory behind this is described by Matts-
son (2020, submitted).
4. DISCUSSION
By applying a spatial mean approach to Eq. (16), M20 pre-
dicted that the mean growth rate of dust grains by accretion is
proportional to the mean of the second moment of gas density
as described by Eq. (18). Simulation results in the present
study show that this scaling holds either at early times, when
grains are small and their inertia is insignificant, or in the case
of small Mrms. The analytical theory deviates slightly from
the numerical simulations at high Mrms, which we attribute
to a higher degree of dynamical decoupling between gas and
dust at higher kinetic energies. We also see that
〈
ρ2
〉
/ 〈ρ〉2
becomes stationary and therefore 〈a〉 evolves linearly with
time.
Assuming a lognormal gas-density distribution, M20 fur-
ther proposed that the mean growth rate scales with Mrms.
However, the semi-empirical nature of the σs –Mrms relation
combined with the fact that our simulations have a finite and
not very high Re, have led us to think it is generally better
to compare the M20 theory with our simulations in terms of〈
ρ2
〉
(or σρ) directly, rather thanMrms. The theory predicts
an explicit relation with σρ, while the connection withMrms
is implicit.
We find/confirm that the high degree of compressibility
of ISM turbulence can affect grain growth by accretion of
molecules in two ways. On one hand, it increases the mean
growth rate of dust grains, i.e., d 〈a〉 /dt ∝
〈
ρ2
〉
. On the other
hand, it broadens the GSD as the strong variations of ρ(x, t)
leads to a similar variation of the growth rate. The enhance-
ment is about a factor of 10, going from the transonic to the
hypersonic regime. This is contrary to the conventional un-
derstanding of grain growth, in which the variance of f (r, t)
is unaffected assuming a homogeneous gas density distribu-
tion ρ(x, t). In such a case, the radius a of each grain grows
by the same amount ∆a in a given time ∆t, which means the
absolute variance of the GSD is conserved. It is noteworthy
that σa evolves with time and increases withMrms and σρ as
a consequence of the accretion process only, in the presence
of turbulence.
Previous work on GSD evolution (e.g., Hirashita & Kuo
2011; Hirashita 2012; Kuo & Hirashita 2012; Asano et al.
2013a,b, 2014) have, for the most part, not considered the
compressibility and density variations of the ISM, which is
particularly strong in MCs. However, more recent work
has been directed towards grain processing in simulated gas
flows (see, e.g. McKinnon et al. 2018; Kirchschlager et al.
2019; Sumpter & Van Loo 2020), but we still have a lot to
learn. The compressibility of interstellar gas accelerates the
mean growth rate and the width of the GSD increases. There-
fore, it seems recommendable that gas-density variance due
to turbulence should be taken into account in future studies of
dust evolution in galaxies, at least in the form of a parametric
prescription.
8As discussed in Mattsson (2020), the mean growth rate
by accretion can be accelerated by an order of magnitude or
more ifMrms ∼ 10, which is quantitatively confirmed by nu-
merical simulations in the present study. Such an enhance-
ment due to the compressibility of interstellar gas makes it
possible to deplete essentially all growth-species molecules
in an MC onto dust grains within the expected lifetimes
of MCs. This indicates that a turbulence-facilitated accre-
tion process can produce a sufficient amount of dust mass to
match the observed dust fractions at high redshifts (z = 7−8),
without SNe as extreme dust producers and assuming low
dust destruction rates as in, e.g., (Dwek et al. 2007). In addi-
tion, Mrms ∼ 10 also leads to roughly a factor of 10 broad-
ening of the GSD. This can potentially accelerate other dust
growth processes such as coagulation (Li & Mattsson 2020),
leading to the formation of very large grains (a > 10 µm).
Depletion is excluded in this study, but we must emphasize
that the depletion time scale is of the same order (or less)
as the expected lifetime of a MC. In the framework of the
M20 theory, assuming dust sublimation is negligible, the rate
of mass increase of an element i locked up in dust can be
expressed
dρd, i
dt
= 4piΥi ρgr, i 〈ξ〉 (1 + σ2s )
∫ ∞
0
a2 f (a) da, (21)
where Υi is the mass fraction of i in the generic dust species.
The absolute depletion δρi = ρi − ρd, i of an element i
takes place on timescale which can be estimated as τdep =
δρi(0) |dδρi/dt|−1. Assuming a constant ρi, we also have that
δρi(0) = ρi. Thus, τdep ∝ (1 + σ2s )−1, which means that the
depletion time decreases quickly as the density variance in-
creases. In case of a homogeneous gas medium, the depletion
time is to first order just inversely proportional to the gas den-
sity, corresponding to 106–107 yr for a typical MC (see, e.g.,
Boland & De Jong 1982). This is roughly of the same order
as the expected lifetime of an MC (see M20). From this we
may conclude that many elements can be fully depleted well
within the lifetime of a MC and that it may be important to
implement depletion in future work.
The GSD is a crucial parameter, as it determines the slope
and shape of the ISM extinction curve and also affects the
flux-to-mass ratio and temperature distribution of a dust pop-
ulation (see Mattsson et al. 2015, and references therein).
We find that the effect of gas-density variance produce a
lognormal GSD regardless of the shape of the initial dis-
tribution if the grain-size evolution is dominated by growth
from molecule accretion. This is due to the lognormal gas-
density distribution generated by rotationally forced isother-
mal turbulence (Mattsson 2020, submitted). To our knowl-
edge, there is no directly observational evidence of a lognor-
mal GSD. However, Weingartner & Draine (2001) found that
the observed galactic emmision is best reproduced if the size
distribution of small dust grains is lognormal.
5. SUMMARY AND CONCLUSIONS
Numerical simulations covering a wide range of Mrms
(1.38–11.0) have been performed to study the growth of dust
grains by accretion of molecules in ISM turbulence. The size
evolution of the dust grains was tracked in a Lagrangian man-
ner. Consistent with the theory developed in M20, we have
confirmed that the mean growth rate of dust grains is pro-
portional to the second moment of the gas density PDF, i.e.,
d 〈a〉 /dt ∝
〈
ρ2
〉
. In theMrms range explored here,
〈
ρ2
〉
/ 〈ρ〉2
reaches a more or less steady state, which results in a linear
mean growth rate of the radius 〈a〉.
In case of high Mach number turbulence, the simulation
results deviate slightly from the theory of Mattsson (2020)
due to the decoupling of dust grains from the gas, which, on
the other hand, is consistent with the theoretical predictions
by Baines & Williams (1965). Furthermore, we have found
that strong variations of gas density due to turbulence in the
ISM leads to significant broadening of the GSD. This result
is indeed noteworthy and, in fact, contrary to the conven-
tional understanding that the absolute width of the GSD is
essentially unaffected by growth due to molecule accretion,
assuming a homogeneous gas density field. LargerMrms ob-
viously results in stronger density variations and therefore a
wider GSD.
It is indeed remarkable that the simple M20 theory is able
to capture the effects of gas-density variance on the accre-
tion process so accurately. This provides a possibility to pre-
scribe turbulence accelerated dust growth in models of galac-
tic dust evolution without much loss of generality. Moreover,
we found also that when gas density variations were taken
into account, the growth process leads to a lognormal GSD,
regardless of the shape of the initial distribution. This is a
novel result and likely a reflection of the gas-density PDF,
as shown by Mattsson (2020, submitted) in a recent attempt
to construct a mathematical theory of the phenomenon. As
mentioned above, a follow-up study based on this result in the
present study is made by Mattsson (2020, submitted), which
shows that the lognormal GSD can be derived by modelling
turbulent gas-density variation as a Markov process.
The thermal velocity u¯t of molecular clouds is assumed to
be constant in the present study. However, Eq. (15) shows
that u¯t ∝ m−1/2. Considering a more realistic chemical com-
position of MCs could reduce the growth rate. But the overall
enhancement of the growth rate due to turbulence should not
be affected as it is independent of the chemical composition.
Depletion of growth-species molecules is not included in this
study (to save computing time), but according to Mattsson
(2020) the predicted net effect is merely to slow down the
growth rate. However, including depletion and other types
of grain processing is a currently ongoing project, which we
will return to as soon as possible.
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